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The behavior of semiflexible polymers and filaments is governed by their bending energy. The
corresponding bending rigidity gives rise to material properties that are distinct from those of flexible
polymers governed by entropy. In particular, bending rigidity plays an important role for the shapes of
these polymers and their ability to withstand and transmit forces. Recent theoretical studies and
modelling approaches are briefly reviewed and used for a systematic analysis of shapes of adsorbed
semiflexible polymers and buckling instabilities. Semiflexible polymers and filaments exhibit a buckling
instability which is modified by thermal fluctuations and provides upper bounds on the generation of
polymerization forces. Growing bundles of polymers or filaments can generate force via adhesive
interactions. The latter mechanism remains effective even after single filaments have attained a buckled
state.

1 Introduction
The properties of typical synthetic polymers such as polyethylene
are governed by entropic elasticity and excluded volume interactions. These polymers deform easily and enthalpic contributions to their elasticity are small.1 Semiflexible polymers, on the
other hand, are stiff polymers with a considerable bending
energy. The material parameter characterizing the bending
energy is the bending rigidity k. The competition between
bending energy and thermal fluctuations determines a characteristic length scale, the persistence length Lp ¼ k/kBT. On length
scales smaller than the persistence length, the bending energy is
more relevant than entropic elasticity. For a freely fluctuating
semiflexible polymer the persistence length is the decay length of
orientation correlations,2,3 i.e., the typical length scale over which
a thermally fluctuating semiflexible polymer changes its orientation. Semiflexible polymers show interesting material properties if the persistence length exceeds other relevant length scales
such as the contour length L of the polymer. Then their behavior
becomes dominated by bending energy rather than entropy.
Polymer chemistry and biology provide a number of examples
of semiflexible polymers, whose persistence length is comparable
to typical contour lengths. Most of the following examples are
supramolecular assemblies with a rather large diameter which
gives rise to strong interactions along their backbone and results
in a large resistance to bending. Important examples from cell
biology are filaments of the cytoskeleton such as filamentous
actin (F-actin) with a persistence length around 10 mm4,5 and
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microtubules with persistence lengths of several mm.5 Because of
their bending rigidity, these filaments play an important role in
the mechanical stability of the cytoskeleton. Likewise, DNA is
a semiflexible polymer with a mechanical persistence length of
50 nm.6 Polymer chemistry provides various examples of
synthetic semiflexible polymers. Polyelectrolytes at low salt
concentrations stiffen because of repulsive Coulomb interactions, which leads to a persistence length determined by the
charge density along the polymer backbone and the salt
concentration of the surrounding solution.7 Dendronized polymers8 are stiff because of steric interaction between their
dendritic side groups. metallosupramolecular coordination
polyelectrolytes (MEPE) self-assemble from metallic ions and
suitable ligands into rather stiff rods.9,10 Finally, carbon nanotubes are examples of extremely stiff synthetic rods built from
covalently bonded carbon sheets with persistence lengths around
1 mm.11
The bending rigidity k can be determined experimentally by
analyzing thermal shape fluctuations of freely fluctuating semiflexible polymers as in ref. 4 and 5 to measure the persistence
length of cytoskeletal filaments, or by analyzing thermal shape
fluctuations in confining channels.12 Another way of measuring
persistence length is to determine ring closure probabilities of
semiflexible rings.6,11 Here, we propose a method based on
theoretical results for equilibrium shapes of semiflexible polymer
rings adsorbed to a substrate containing a stripe structure. Based
on these results the bending rigidity could be determined from
observed sequences of distinct equilibrium ring shapes that are
induced by the substrate structure.
Stiff polymers are also more stable with respect to the classical
Euler buckling instability,13 which limits the compressive force
that a rod of bending rigidity k can sustain without buckling to
the critical Euler buckling force Fc f k/L2. Cytoskeletal filaments
give the cell structural stability because of this resistance to
compressive forces. Typical buckling forces of cytoskeletal filaments are in the pico-newton range and, thus, comparable to
thermal forces on the nanometre scale. Therefore, it is important
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to model the influence of thermal fluctuations on the buckling
instability.
Filaments do not only serve as structural elements of the
cytoskeleton but are actively involved in force generation in cell
motility and cell division. Polymerization of single cytoskeletal
filaments can generate forces in the pico-newton range, which are
used to push the lamellipodium of moving cells. The transmission
of these forces is limited by the buckling instability. We will
present a theoretical model for a simple mechanism of force
generation by semiflexible polymer bundles, which is not limited
by the buckling instability of single polymers but relies on
adhesive interactions between polymers. This mechanism could
be used to generate forces by synthetic polymers as well.

2 Shape analysis
Bionanotechnology requires the immobilization and controlled
manipulation of DNA and other semiflexible polymers.
Adsorption is the simplest technique to immobilize single polymers and a first step towards further visualization and manipulation using, e.g., modern scanning probe techniques.14,15 For
manipulation, control over the shape of the adsorbed polymer is
needed. We show by theoretical modelling that for semiflexible
polymer rings such shape control can be achieved using relatively
simple surface structures with a stripe geometry, which can be
realized by topographical or chemical structuring. Topographical surface steps have been employed in recent manipulation
experiments on semiflexible polymer rings.16 Whereas flexible
polymers are governed by conformational entropy and typically
adsorb in random coil configurations, the morphologies of
semiflexible polymers with large persistence lengths are dominated by their bending rigidity: on a homogeneous adsorbing
substrate, an open polymer adsorbs in a straight configuration,
whereas a closed polymer ring forms a circular loop. Examples of
such semiflexible loops are provided by DNA minicircles,17
carbon nanotubes,11 and filamentous actin.18
Here we consider the presence of an additional adhesive
surface structure with a stripe geometry, which can be either
a topographical surface groove with rectangular cross section,

Fig. 1 The adsorbed polymer on a striped surface containing (a) two
topographical surface steps forming a rectangular groove of width ast and
(b) a chemically structured surface domain of width ado. Top views of all
four stable ring morphologies as obtained by energy minimization for
contour lengths L/ast ¼ 20 and L/ado ¼ 20. The corresponding oblique
views show the surface topography and the chemical surface domain with
an elongated shape II0.
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see Fig. 1(a), or a striped domain of increased adhesion energy,
see Fig. 1(b), to introduce a laterally modulated adhesion
potential, which tends to confine the ring to the stripe.
The shapes of a semiflexible ring adsorbed to a striped surface
geometry are governed by two competing energies: the adsorption energy Ead determined by the striped surface structure and
the bending energy Eb of the closed polymer ring. The bending
energy of a semiflexible polymer of contour length L is given by
ð
ð
k L
k L
dsðvs tÞ2 ¼
dsðvs fðsÞÞ2
(1)
Eb ¼
2 0
2 0
where k is the bending rigidity, s is the arc length with 0 < s < L, vs
indicates a derivative with respect to s, and t(s) is the unit tangent.
For a planar polymer we can fulfil the constraint |t(s)| ¼ 1 explicitly
by using a parametrization in terms of the tangent angle f(s), i.e.,
t(s) ¼ (cos f(s), sin f(s)) leading to the second equality. The
adsorption energy profile resulting from a topographical stripe
consists of two adhesive lines at the corners of the rectangular
groove of width ast, where the polymer can bind to two adjacent
surfaces as shown in Fig. 1(a). Therefore, the adsorption energy is
given by Ead ¼ |Wst|Lst, where Lst is the length of the straight
adhered segments on the corners of the rectangular groove and
Wst < 0 the additional adsorption energy per polymer length at the
corner of the groove, where it can bind to two adjacent surfaces.
For a chemical surface domain, on the other hand, the adsorption
energy is increased over the whole area of the stripe of width ado,
see Fig. 1(b). Therefore, the adsorption energy is given by
Ead ¼ |Wdo|Ldo, where Ldo is given by the polymer length within
the whole area of the stripe domain, and Wdo < 0 the additional
adsorption energy per polymer length in the stripe domain.
The contour length L of the polymer ring and the width of the
stripe structure are the relevant geometric control parameters,
which can be combined into a reduced contour length L/ast or
L/ado. The energetic control parameters are the bending rigidity k
of the semiflexible polymer and the strength Wst or Wdo of the
additional adsorption potential in the stripe structure. These
energies can be combined to a single reduced adhesion strength
wst ¼ Wsta2st/k or wdo ¼ Wdoa2do/k. We find that we can
completely classify the possible stable morphologies and shape
transitions between these morphologies using only two parameters, the reduced contour length and the reduced adhesion
strength.
Stable morphologies can be identified by minimizing the total
energy of the polymer ring, Etot ¼ Ead + Eb under the constraints
imposed by ring closure. The bending energy prefers a round
shape and the adhesion energy prefers an elongated shape in the
stripe geometry. We performed this energy minimization both
numerically using the dynamical discretization algorithm
provided by the SURFACE EVOLVER19 and by approximate
analytical techniques. Here we present the main results. Using
this combination of techniques we find for both types of stripe
structures that the semiflexible polymer ring displays up to four
stable morphologies, which are shown in Fig. 1. We can switch
between these four stable morphologies by changing one of the
control parameters, for example by changing the adhesion
contrast or the polymer length. For small reduced adhesion
strength the ring assumes a round toroidal shape I. Upon
increasing the adhesion of the stripe, this shape becomes unstable
with respect to the elongated configurations of type II, which can
Soft Matter, 2010, 6, 5764–5769 | 5765

display additional bulges at their ends. According to the number
of bulges we call these configurations II0, II1, or II2 as shown
in Fig. 1.
A systematic comparison of the total energies of all four
possible metastable states for given reduced contour length and
given reduced adhesion strength allows us to determine the
globally stable state, which is given by the shape with the smallest
total energy. As a function of the two control parameters,
reduced adhesion strength and reduced contour length, we can
obtain a complete classification of the stability of these shapes,
which leads to the morphology diagrams in Fig. 2. In these
diagrams we show which of the shapes is globally stable in
a given parameter region. The diagrams also show good agreement between the approximate analytical results, which give the
lines indicating transitions between different shapes, and the
exact numerical minimization results, which are shown as data
points. It is remarkable that the topographical and chemical
stripes give rise to qualitatively very similar morphology
diagrams Fig. 2(a) and (b), respectively. Both types of structures
lead to very similar behavior with a discontinuous morphological
transition between the two dominant shapes I and II0, with
intermediate bulged shape II2 for large contour lengths. The
morphology diagrams in Fig. 2 also show that the state II1 with
a single bulge is the most metastable. The main difference
between the topographical and chemical stripe is the existence of
an unbound ring state for the topographical groove, where the
polymer ring prefers to completely detach from the corner of the
groove and assume a circular shape.20
By means of a morphology diagram as obtained in Fig. 2 by
theoretical modelling, protocols for controlled switching between
the different ring shapes can be predicted. An increase in the
adhesion contrast, for example, corresponds to a horizontal
trajectory in the diagram, which should result in transitions from
a round state I to an elongated state II0 with an eventual intermediate state II2 with two bulges. Furthermore, observed
sequences of shapes upon changing parameters like the adhesion
contrast can be used to infer material parameters such as the
bending rigidity from the morphology diagram.
Additional control over the shape of semiflexible polymers can
be achieved by condensing agents, which introduce attractive
interactions between polymer segments.21,22 For semiflexible

Fig. 2 Morphology diagrams for (a) the topographical surface groove
and (b) the striped chemical surface domain as a function of the reduced
contour lengths L/ast and L/ado and the reduced potential strengths |wst|
and |wdo|, respectively. Morphological transitions as obtained from
numerical energy minimization are represented by colored dots. The
colored lines show the analytical results for the transition lines.
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polymers this can induce additional shape transitions into more
compact condensed shapes.

3

Buckling instability

Since the work of Euler, it is well known that a macroscopic rod
of length L and bending rigidity k buckles under a compressive
force F which exceeds a critical threshold force Fc f k/L2. This is
the classical Euler buckling instability in the absence of thermal
fluctuations. Semiflexible polymers such as DNA or cytoskeletal
filaments can be modelled as elastic rods with a diameter in the
nanometre range. Such nanorods have bending rigidities that are
small compared to a macroscopic elastic rod, but lead to bending
energies that are still larger than the thermal energy for the
bending modes on the scale of the polymer contour length, which
are most relevant for buckling. Therefore, semiflexible polymers
can also undergo a buckling instability, but their bending rigidities are so small that effects arising from thermal fluctuations
have to be taken into account. The Euler buckling instability is
strongly modified by thermal fluctuations if the persistence
length Lp becomes comparable or even smaller than the polymer
contour length L.23–25 For charged polymers the buckling instability is related to the collapse of a stiff polyelectrolyte under the
action of attractive intra-chain interactions, which has also been
analyzed in the presence of thermal fluctuations.26
In ref. 23 we developed a theoretical model of the buckling
instability in the presence of thermal fluctuations. In two spatial
dimensions we start from a Hamiltonian

ðL 
k
(2)
H ¼ ds ðvs fÞ2 þF cosfðsÞ ;
2
0
where F h |F| is the absolute value of the compressive force,
which is acting in the direction f ¼ p, see Fig. 3. The buckling
instability is an instability of the bending mode with the longest
wavelength which is admissible by the boundary conditions at
the ends of the semiflexible polymer. This wavelength is of the
order of the contour length of the polymer. By integrating out
short-wavelength fluctuations we obtain an effective theory for
the longest wavelength mode governing the buckling instability.
Our analytical results are corroborated by Monte Carlo
computer simulations.
In two spatial dimensions this allows us to calculate the
resulting shift of the critical force by fluctuation effects. We find

Fig. 3 A thermally fluctuating filament under a compressive force F (for
free boundary conditions). For absolute values |F| of the force that exceed
the critical buckling force Fc, the filament is buckled; for |F| < Fc, the
filament remains unbuckled. The filament has a contour length of L, t(s)
is the unit tangent vector, and f(s) the corresponding tangent angle at arc
length s. The projected length Lk provides an order parameter for
buckling.
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that the critical force Fc is increased by thermal fluctuations in
two spatial dimensions,
kB T
Fc ðTÞ  Fc ð0Þf
:
L

(3)

This result seems counterintuitive because we expect that small
thermal forces should, in general, help in triggering buckling. The
threshold force increases because the energy gain by deforming
a filament with a force decreases if the filament has already
shortened by thermal fluctuations. More sophisticated theoretical arguments suggest that a critical force Fc increased by
thermal fluctuations should be found for all spatial dimensions
smaller than three.
Ð
The mean projected length hLki ¼ L0 dshcosf(s)i in the direction of the compressive force can be used to construct an order
parameter for the buckling instability. After buckling, the projected length shows a linear decrease from the full contour length
with increasing compressive force. Thermal fluctuations lead to
a rounding of this onset of length decrease, see Fig. 4. Furthermore, we find the following surprising behavior of the mean
projected length in the presence of thermal fluctuations: before
buckling thermal fluctuations tend to shorten the projected
length, reflecting the fact that contour length is pulled into shape
undulations of the polymer. After buckling, on the other hand,
thermal fluctuations tend to stretch the semiflexible polymer, i.e.,
its mean projected length in the direction of the applied force
increases by thermal fluctuations. This gives rise to intersecting
force extension curves in Fig. 4, which signal the transition from
an entropic spring behavior with an effective spring constant that
increases upon heating for forces smaller than the buckling force,
to an enthalpic behavior with an effective spring constant that
decreases upon heating for forces larger than the buckling force.
These results show that thermally fluctuating semiflexible
polymers exhibit a buckling instability analogous to the
mechanical Euler instability in the absence of thermal fluctuations. Thermal fluctuations lead to significant modifications of
this instability and stretch a semiflexible polymer in its buckled
state while they shorten it in the unbuckled state.

Fig. 4 The reduced mean projected length 1–hLki/L as a function of the
applied compressive force F/Fc at fixed contour length L. Different colors
indicate different ratios Lp/L of persistence length to contour length. For
decreasing ratios Lp/L (from red to blue) thermal fluctuations increase.
The solid lines are analytical results,23 the data points are from MonteCarlo simulations.
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4

Force generation and buckling

In the context of biological systems, it has been shown that single
polymerizing filaments can generate forces in the pico-newton
range by converting the polymerization energy associated with
monomer addition into force.27 For single filaments, this has
been experimentally demonstrated for the first time by analyzing
shapes of buckling microtubules growing against a fixed
obstacle.28 Several ratchet models have been proposed to model
the dynamics of this process.29,30 In order to quantify force
generation, we consider the polymerization of a semiflexible
polymer against a perpendicular rigid planar wall onto which the
polymerization force is transmitted. If the wall is loaded by an
additional force F, polymerization is slowed down because the
rate for monomer addition is exponentially decreasing under the
load force F according to Bell theory.31 The characteristic force
F ¼ Fp, which is required to stop the growth process, is identified
with the maximal polymerization force that the filament can
exert onto the wall.
Such force generation is always limited by the buckling
instability, which has been discussed in the previous section: if
the generated polymerization force exceeds the critical buckling
force, the filament will buckle in front of the wall as shown in
Fig. 5. We have shown that single polymerizing filaments will
remain in a buckled state after they go through a buckling
instability by increasing their length. After buckling, the filament
end is no longer perpendicular to the wall. This leads to
a reduction of the force component resisting further polymerization such that further growth and buckling will proceed until
a fully buckled configuration as shown in Fig. 5 is reached.
Therefore, we study the force-generating mechanism which
can also operate if filaments are in the buckled state. In these
mechanisms we focus on bundles of semiflexible polymers, which
form because of additional attractive interactions between the
polymers.32 Besides the polymerization energy, the attractive
interaction energy can provide an additional source of energy
which can eventually be converted into force. This leads to
a novel zipping mechanism for force-generation, see Fig. 6,
which is insensitive to buckling instabilities.33
The zipping mechanism is operating for semiflexible polymers
in their fully buckled state in a ‘‘zipping fork’’ configuration,
where the bundled filaments are in a splayed configuration in

Fig. 5 Snapshots of MC simulations for N ¼ 3 filaments in front of
a wall under a load force F close to the transition between zipping and
force-induced unbinding for two different initial conditions.
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Fig. 6 The zipping mechanism in front of a wall with load force F.
Zipping starts in a splayed configuration of filament ends (—
—). The
curvature at the wall is given by the contact radius Rco. Zipping a distance
Dx (-- --) performs work FDx but gains an adhesive energy JDx, where J is
the binding free energy per length.

front the wall, as shown in Fig. 6 or in the simulation snapshots
in Fig. 5. We explain the mechanism for two polymers as shown
in Fig. 6. In the fully buckled configuration, no force is transmitted onto the wall upon further polymerization at the polymer
ends because the end segments are oriented parallel to the wall.
However, if both polymers further zip together along an additional length Dx, the bundle lowers its free energy by an amount
JDx, where J > 0 is the binding free energy (per length). This
binding free energy arises from a short-range attraction between
filaments, which competes with thermal shape fluctuations of
filaments.32 The potential strength of this short-range attraction
is denoted by W in the following. If the polymers zip together, the
wall has to move as well by a distance Dx against the external
load force F. This movement requires mechanical work FDx such
that the total free energy of the bundle changes by (F–J)Dx. This
means that zipping will occur if the binding free energy J exceeds
the load force F such that the total free energy of the bundle is
lowered by zipping. If J is smaller than F the reverse process of

force-induced unbinding will take place, and the bundle is further
split apart.
The zipping mechanism requires a certain bending rigidity of
the semiflexible polymers. This bending rigidity has to ensure
that the zipped bundle is stable against buckling at the applied
force F. Furthermore, the bending rigidity is important in order
to transmit force onto the wall in the fully buckled state.
In order to gain further quantitative insight into this zipping
mechanism we performed kinetic Monte Carlo simulations on
bundles with N $ 2 filaments. In the MC simulation we use for
each filament a discretized representation of the bending energy
(1) and model the constraint |t(s)| ¼ 1 by a sufficiently stiff
harmonic potential. We include additional pairwise attractive
interactions between segments on different filaments, which are
also discretized in the coordinate s along the filaments. The
interactions contain a hard core and a short-range attraction.32
In addition we allow attachment and detachment of monomers,
which lead to a change of the contour length. The ratio of
attachment and detachment rate is determined by a polymerization energy. The attachment rate is exponentially decreased with
mechanical work FDx performed by monomer attachment
according to Bell theory.31 Snapshots from these simulations for
N ¼ 3 filaments are shown in Fig. 5. In the Monte Carlo simulations, we can demonstrate the zipping mechanism or the
reverse mechanism of force-induced unbinding and show that the
force-induced unbinding transition occurs (i) in several steps, (ii)
at critical potential strengths, which depend on the load force,
and (iii) via different pathways depending on the initial subbundle configuration. The number of transition steps and the
critical potential strengths in force-induced unbinding depend on
the initial zipping fork configuration, in particular on the number
and types of sub-bundles in the initial splayed configuration.
These findings are summarized in Fig. 7, where the polymer

Fig. 7 Monte Carlo data for the average interaction energy per filament and per length, he2i, as a function of the potential strength |W| for (a) N ¼ 3 and
(b) N ¼ 4 identical filaments. Arrows correspond to the snapshots in Fig. 5. In the absence of an external force F ¼ 0 (,), the thermal unbinding
transition happens at a critical potential strength |Wc(N)|. (a) For N ¼ 3 an external force F ¼ 30 is applied. For an initial configuration b ¼ 123 (P), the
unbinding transition occurs at a critical potential strength |Wc(3|123)| z F/3. For an initial condition b ¼ [12]3 (O), a cascade of two unbinding transition
occurs at critical potential strengths |Wc(2)| and |Wc(3|[12]3)| z F/2. (b) For N ¼ 4 filaments an external force F ¼ 50 is applied. This leads to three different
force-dependent critical potential strengths |Wc(4|1234)| z F/5 (P), |Wc(4|[123]4)| z F/3 (B), and |Wc(4|[12][34])| z F/2 (O) depending on the initial sub-bundle
configuration.
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binding energy is shown for different unbinding pathways, i.e.,
upon reducing the potential strength |W| in the presence of
a loading force. Discontinuous jumps in the binding energy
represent discontinuous force-induced unbinding transitions.
For a bundle with N ¼ 3 filaments, two different initial zipping
fork configurations and, thus, two force-induced unbinding
pathways are possible, see Fig. 7(a). In configuration b ¼ 123,
all three filaments point in different directions. In configuration
b ¼ [12]3, the end of the bundle is split into one sub-bundle of two
bound filaments [12] and the third filament 3 pointing in
a different direction. In configuration b ¼ 123 all three filaments
point in different directions, and there is a single unbinding
transition at |W(3|123)c| z F/3 because three pairwise filament
interactions are lost upon unbinding. In configuration b ¼ [12]3,
on the other hand, there is a cascade of two unbinding transitions: first, filament 3 is separated from the sub-bundle [12] at
a potential strength |W(3|123)c| z F/2 because two pairwise filament interactions are lost upon sub-bundle unbinding. Further
decreasing the potential strength |W|, there is a second thermal
unbinding transition of the sub-bundle [12] at the critical value
|W(2)c|, which is independent of force. For N ¼ 4 filaments even
more unbinding pathways are possible as shown in Fig. 7(b).
The zipping forces which can be created by this mechanism are
given by the adhesion energy per length between the semiflexible
polymers. For biological filaments, adhesion energies can be
generated by crosslinking proteins, for synthetic polymers electrostatic interactions can give rise to adhesion. If adhesion
energies of the order of kBT can be generated per nanometre and
per filament pair, the resulting zipping forces are in the piconewton range already for small bundles containing only two
filaments. They easily reach tens of pico-newtons for larger
bundles.
The zipping mechanism is conceptually simple and only relies
on adhesive energy. With respect to biological systems and cell
biology such a mechanism might be realized in relatively primitive cells. For example, a very similar mechanism has been
proposed to play a role for the motility of sperm cells of nematodes.34 Zipping mechanisms could also be exploited to create
artificial force generating systems using synthetic semiflexible
polymers with attractive interactions.

5 Conclusion
The results presented show that theoretical modelling
approaches and simulations are useful tools in analyzing material
properties and the possible applications of stiff semiflexible
polymers. Modelling approaches are helpful in designing
potential experiments to measure important material parameters
such as the bending rigidity. This has been demonstrated by
a systematic theoretical analysis of shapes of semiflexible polymer rings on substrates with striped surface structures, which
could be used to interpret experimentally observed shape
sequences. We also discussed how simulations allow the
demonstration of interesting applications of semiflexible
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polymers such as the force generation by growing polymer
bundles based on a zipping mechanism.
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